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We study the interior of distorted stationary rotating black holes on the example of a Kerr black 
hole distorted by external static and axisymmetric mass distribution. We show that there is a duality 
transformation between the outer and inner horizons of the black hole, which is different from that 
of an electrically charged static distorted black hole. The duality transformation is directly related 
to the discrete symmetry of the space-time. The black hole horizons area, surface gravity, and 
angular momentum satisfy the Smarr formula constructed for both the horizons. We formulate the 
zeroth, the first, and the second laws of black hole thermodynamics for both the horizons of the 
black hole and show the correspondence between the local and the global forms of the hrst law. The 
Smarr formula and the laws of thermodynamics formulated for both the horizons are related by the 
duality transformation. The distortion is illustrated on the example of a quadrupole and octupole 
fields. The distortion fields noticeably affect the proper time of a free fall from the outer to the inner 
horizon of the black hole along the symmetry semi-axes. There is some minimal non-zero value of 
the quadrupole and octupole moments when the time becomes minimal. The minimal proper time 
indicates the closest approach of the horizons due to the distortion. 
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I. INTRODUCTION 

Electrically neutral astrophysical black holes, stellar 
or supermassive, located in the centres of most, if not 
all, galaxies, can (to some extend) be represented by the 
Kerr black hole solution. However, realistic black holes 
strongly interact with surrounding matter and fields. 
Thus, the Kerr black hole solution is highly idealized. 
However, to consider the complex dynamical processes 
around a realistic black hole is a formidable problem, 
which requires advanced numerical coimutations. In this 
paper, following the previous works [l|, l2|, we consider 
static and axisymmetric type of distortion due to matter 
located outside a stationary rotating (Kerr) black hole. 
This type of distortion was considered by Tomimatsu Q , 
who constructed an implicit form of the exact solution 
representing a stationary rotating black hole distorted 
by external static and axisymmetric mass distribution. 
An explicit from of the solution was found later by Bre¬ 
ton, Denisova, Manko, and Garcia 0,0. The distortion 
matter is located at the asymptotic infinity and not in¬ 
cluded into the solution. As a result, the solution is not 
asymptotically flat and represents a space-time region in 
the vicinity of such a black hole. Following Geroch and 
Hartle who studied static distorted vacuum black holes 
0, we call such a solution a local black hole. 

One of the intriguing issues related to the interior of 
a stationary rotating black hole is stability of its Gauchy 
horizon. A Cauchy horizon is a null hypersurface which 
represents a boundary of the region beyond which pre¬ 
dictability based on the initial data defined on a spacelike 
hypersurface outside the black hole breaks down. An 
analytic continuation of a Kerr black hole beyond its 
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horizons results in an infinite set of other “universes” 
located behind its Cauchy horizon. Whether these new 
worlds are accessible to an adventurer who is dare to 
sink behind the black hole horizon depends on the sta¬ 
bility of the Cauchy horizon. Such an observer travel¬ 
ing along a timelike world line receives an infinitely blue 
shifted radiation at the instant of crossing the Cauchy 
horizon. Penrose argued that this may imply an infinite 
grow of small perturbations at the Cauchy horizon 0 ], 
what was conhrmed in the following works [8l-ll0l| . There 
results are not so trivial, however. For example, neglect¬ 
ing radiation backscattered from the Cauchy horizon re¬ 
sults in a so-called whimper singularity, which is weak in 
the sense that the Kretschmann scalar (the trace of the 
square of the Riemann tensor) is finite. This singular¬ 
ity implies that despite detecting an infinite energy den¬ 
sity, a freely falling observer will experience finite tidal 
forces while crossing the Cauchy horizon [ill . . How¬ 
ever, the backscattered radiation is present. To analyze 
its effect, Israel and Poisson [l^ considered a model of 
two noninteracting ingoing and outgoing (backscattered) 
null beams and showed that the presence of the out¬ 
going beam produces a separation between the Cauchy 
and the inner apparent horizons which results in an in¬ 
finite growth of the black hole internal mass parame¬ 
ter, the phenomenon which they called mass inflation, 
and divergency of the Weyl scalar At 2 which represents 
the “Coulomb” component of the local curvature. The 
mass inflation was later analyzed on the example of ex¬ 
act and simplified solution by Ori [l^, who showed that 
despite the tidal forces calculated in the frame of a freely 
falling observer diverge at the Cauchy horizon, their in¬ 
tegral along the observer’s world line remains finite. This 
implies that the mass inflation singularity is not strong 
enough and it might be possible to cross the Cauchy hori¬ 
zon (for details see [iSl - H^ l. The following numerical 
analysis showed instability of the Cauchy horizon [^ . 
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However, the subsequent analytical [2l|, and numer¬ 
ical results [ 2 ^ did not confirm that. In the later work 
[ 2 ^, Marolf and Ori found that in the late-time limit af¬ 
ter the perturbation, the inner (Cauchy) horizon ingoing 
section is replaced by a null, weak curvature singularity 
(the mass inflation singularity) and the outgoing section 
of the inner horizon is replaced by a more violent, out¬ 
going shock-wave singularity. The space-time metric is 
continuous, but not differentiable, across the weak cur¬ 
vature singularity. In the case of the outgoing shock-wave 
singularity, late-infall-time observers experience a metric 
discontinuity across the shock, which is at least of the 
order of unity. 

The purpose of this paper is to consider the interior of 
a distorted, stationary rotating, and axisymmetric black 
hole. The distortion is due to external static and axisym¬ 
metric distribution of matter. However idealized is the 
situation when compared to real involved dynamical pro¬ 
cesses around realistic astrophysical black holes, it still 
gives important information about the black hole inte¬ 
rior, and, in particular, about the effect of distortion on 
its Cauchy horizon. This is because the external matter 
distribution notably affects the black hole interior. As 
it was found in the previous work Q , Cauchy horizon of 
electrically charged distorted black hole remains regular 
for such a distribution of matter. This is due to the spe¬ 
cial duality relations between the metrics on the outer 
and inner horizon of the black hole. As we shall see, in 
the case of distorted stationary rotating black hole, there 
are different duality relation between the black hole hori¬ 
zons. Beside the effect of the distortion on the Cauchy 
horizon, we shall be interested in thermodynamics of the 
horizons and study how the distortion affects the black 
hole interior, in particular, the region between its outer 
and inner horizons. 

The paper is organized as follows. In Sec. H we present 
the metric of a distorted stationary rotating black hole. 
In Sec. HI we calculate the area, angular velocity, sur¬ 
face gravity, local mass, and angular momentum and con¬ 
struct Smarr’s formula for both the black hole horizons. 
Form the metric on the black hole horizons we derive a 
duality transformation between them. In Sec. IV we for¬ 
mulate the zeroth, the first, and the second laws of black 
hole thermodynamics for both the black hole horizons 
and find the correspondence between the local and the 
global forms of the first law. Using the laws of thermody¬ 
namics we formulate our morel representing a stationary 
rotating black hole which is adiabatically distorted by 
external static and axisymmetric distribution of masses 
generating gravitational field. In Sec. V we study ge¬ 
ometry of the distorted horizons. We calculate Gaussian 
curvature of the horizon 2-dimensional surfaces and con¬ 
struct their isometric embedding into a flat 3-dimensional 
space. In Sec. VI we study how the distortion fields af¬ 
fects the proper time of a free fall from the outer to the 
inner horizon of the black hole along the symmetry semi¬ 
axes. In Sec. VH we construct the space-time discrete 
symmetry from which the duality transformation follows 


and find a relation between the space-time curvature in¬ 
variants calculated on the black hole horizons. In addi¬ 
tion, we analyze the space-time curvature singularities. 
We summarize our conclusions in Sec. VHI. 

In this paper we use the following convention of units: 
G = c = h = ks = 1, and the sign conventions adopted 


II. METRIC OF A DISTORTED KERR BLACK 
HOLE 


Let us begin with the metric representing a local sta¬ 
tionary rotating distorted black hole. An implicit form 
of such a metric describing a stationary rotating and ax¬ 
isymmetric black hole distorted by external static matter 
was firstly presented in Q, where the inverse scatter¬ 
ing problem technique was applied to derive a station¬ 
ary axisymmetric solution representing a Kerr black hole 
in the Weyl background gravitational field of the dis¬ 
torting matter. The solution was given in terms of the 
Legendre polynomials and differential equations for the 
corresponding metric functions. An explicit exact solu¬ 
tion of the Einstein equations for the metric functions 
was derived in using a representation of the external 
distorting field in a different form. These results were 
generalized to the case of distorted Kerr-Newman black 
hole @ . Here we present the metric in a slightly different 
form (with different signs of a and than that given 
in i, 


-^(c 2 Ae^^ — 2mC)dtd(j) 

B B 

+ (#- + -AL) 

— [c2Ae^*^ — 2771(7]^) dcj)^ , (1) 

where t is the time coordinate, {x, y) are the prolate 
spheroidal coordinates, and (j) is the azimuthal angular 
coordinate. The metric functions read. 


A = {x^- 1)(1 + fhf - (1 - y^){f - hf , (2) 

B = {l + x + fh[x - 1])^ -f ([1 -f y]f -f [1 - y]h:f , (3) 
C = {x^-l){l + fh){f-h + y[f + h]) 

+ -h){l +fh + x[l-fh]), (4) 


/ = a exp j 2 ^ a„(a; - y) ^ Pi , 


n>l 


/=0 
n—1 


T>1 


/=0 


(5) 


h = -aexp 2 ^a„(a;-f 2 /)^(-l)" 'a'P; , (6) 
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where 

U 

V 


Y. anR^Pn , 

n>0 


E 

n,k>l 


TTikCLjiQ/f^ 

(n + k) 


R^+\PnPk - Pn-lPk-l) 


(7) 


n — 1 

E + y)-x + y]R‘Pi. (8) 

n>l 1=0 


These functions are given in terms of the Legendre poly¬ 
nomials of the first kind, 

Pn = Pn{xy/R), R= \/x'^ + y'^ - I, (9) 
Pn{-x) = (-irPn{x), P„(l) = l, (10) 

7^2fe(0) = (-l)'=^E^, P2fe+i(0)=0, (11) 

fc = 0,l,2,3,..., 

{2k - 1)!! = 1 • 3 • 5 • • (2A: - 1), (-1)!! = 1, 

(2fc)!! = 2-4-6-... • (2fc), 0!! = 1. 


The constants ci and C2 are expressed in terms of the 
metric parameters m and a as follows: 


Cl 


1 

(l-a2)2 ’ 


C2 


4ma 

1 — 


e-2uo 


( 12 ) 


where 


uo = ^ a2n ■ (13) 

n>0 

The multipole moments a„’s define the distortion^ Such 
distortions result from approximation of a gravitational 
field in the region far away from its sources. According 
to the terminology used in the Newtonian gravitational 
theory and electromagnetism, coefficients in the corre¬ 
sponding multipole expansion of the distortion gravita¬ 
tional field are called interior multipole moments. The 
distortion fields U and V defined by the interior multi¬ 
pole moments are regular and smooth at the black hole 
horizonsll The exterior multipole moments correspond 
to the sources located inside the black hole and the cor¬ 
responding distortion field is given in terms of the Legen¬ 
dre polynomials of the second kind @ . According to the 


^ These multipole moments sometimes are called the Weyl multi¬ 
pole moments. A relation of the Weyl multipole moments to their 
relativistic analogues was discussed in l26l for the Schwarzschild 
black hole distorted by an external field. The general formal- 
ism, which includes both the Thorne l27l and the Geroch-Hansen 
128143111 relativistic multipole moments is presented in [s^l . A re¬ 
lation between the Thorne and the Geroch-Hansen relativistic 
multipole moments is given in [3^ . |34|| . 

^ Note that despite U satisfies the Laplace equation, it is a rela¬ 
tivistic field. In order to construct the corresponding Newtonian 
analogue of the field, one has to take the nonrelativistic limit 
lim .. 2 _. c^U(x,y, c^), where c is the speed of light (see, e.g., 

ma). 


Kerr black hole uniqueness theorem (see, e.g., [ssl - fs^ L 
the Kerr black hole is the only stationary, asymptotically 
flat, vacuum black hole with regular horizons. Thus, such 
sources make the black hole horizons singular [3, . 

The dominant term in the expansion of the distor¬ 
tion field is the monopole and in our case it represents 
background distortion defined by a monopole moment oq. 
The next term is the dipole defined by a dipole moment 
tti, which according to the black hole equilibrium condi¬ 
tion (see Ea. dTill below), is related to the higher order 
multipole moments. The next term is the quadrupole, 
which is defined by a quadrupole moment 02 , and which 
is followed by the octupole defined by an octupole mo¬ 
ment 03. Here we shall consider only these subleading 
terms in the multipole expansion of the distortion field. 

To have the horizons free of conical singularities on the 
symmetry axis y = ±1 the multipole moments have to 
satisfy the following condition: 

'Y. '^2n+l = 0 . (14) 

n>0 


This condition is sometimes called the black hole equi¬ 
librium condition (^ . 

According to the way the solution is constructed (see 
[3-@), the sources of the distorting field, regardless 
the generated solution represents non-stationary rotat¬ 
ing (static) or stationary rotating (stationary) distorted 
black hole, satisfy the strong energy condition (see, e.g. 

i), 

t/<0, (15) 

which implies 

Mo < 0 , (16) 


The expressions above define a local stationary rotating 
distorted black hole. The solution represents a distorted 
non-extremal Kerr black hole with |q:| G (0,1). With¬ 
out the loss of generality, we shall consider nonnegative 
values of a. The case a = 0 corresponds to a distorted 
static (Schwarzschild) black hole. We shall study prop¬ 
erties of the local distorted stationary rotating black hole 
in the following sections. 

Using the coordinate transformations 

r l + a^ „ 

x= -1-2> y = cos0, (17) 

m 1 — a 


and removing the distortion by making all the multipole 
moments On’s vanish we derive the Kerr metric solution 
given in the Boyer-Lindquist coordinates (see, e.g., [i^l. 


d.s^ = - 1- 


2Mr\ n 4Marsin^0 
—— dr --- dtdcj) 


-b — -k E 


( 18 ) 


-b -b o" -b 
E = -b cos^ I 


2Ma^r sin^ 9 


sin^ 9d(jr 


A = - 2Mr + 
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where the mass M and the angular momentum per unit 
mass, a = J/M, of an undistorted (Kerr) black hole are 
related to the parameters a and m as follows: 


M = m 



a = 


2ma 
1 — ' 


(19) 


The quantities M and J are defined as 

M = ( 20 ) 

‘S'oo 

(21) 

where is a timelike Killing vector normalized at 

the asymptotic infinity, = — 1, is a space¬ 

like rotational Killing vector, and 


d — 21 ~9 ^tii’XcT d^: A dx , 


£tre4> — + 1 ) ( 22 ) 


is the area element of a two-dimensional closed space-like 
surface at the spatial infinity, Soo ■ The mass (1201) and the 
angular momentum m can be presented as follows (see, 
e.g., 111,111): 

M = [ {2Ti; - dS^ + Mh , (23) 

Jn 

j= f r,^e(«ds^ +(24) 
Js 

where Tj^ is the energy-momentum tensor which defines 
matter and fields outside the black hole, Mh and Jh 
are the local mass and angular momentum of the black 
hole alone, which are defined by the integrals (1^01) and 
(I21|) over the two-dimensional horizon surface Sh ■ In the 
absence of the external matter and fields, i.e., in the case 
of the Kerr black hole, we have 


M = Mh, J = Jh- (25) 


In what follows, we shall drop the subscript H. 


III. HORIZONS, SMARR’S FORMULA, AND 
THE DUALITY TRANSFORMATION 

In this section we define the outer and inner horizons of 
a distorted stationary rotating black hole, calculate area 
of the horizons 2-dimensional spacelike surface, angular 
velocity, surface gravity, the local mass, and angular mo¬ 
mentum, which allow to construct Smarr’s formula for 
both the horizons. We construct metrics on the hori¬ 
zons and find a duality transformation connecting these 
metrics. 


A. Horizons and Smarr’s formula 


The black hole horizons, which are Killing horizons of 
the space-time, are at 


(26) 


where the upper sign stands for the event (outer) horizon 
and the lower sign stands for the Cauchy (inner) horizon. 
In what follows (except for Sec. VI), to indicate that a 
quantity (...) is calculated at the black hole horizons we 
shall use the subscripts ± and denote such a quantity as 
(...)±. Accordingly, the upper sign stands for the outer 
horizon and the lower one stands for the inner horizon. 

The horizon surface areas can be calculated from the 
metric m by taking t = const and using the property 
of the Legendre polynomials Substituting (051) into 
the metric functions we derive the following useful rela¬ 
tions: 

/± = aeT2«±(y)^ /i± =-/± , (27) 

U±=u±{y) + uo, V±=±2u±{y), (28) 

where 

u±{y) = '^{±l)'^any'^ -uq. (29) 

n>0 

The function u±{y) has the symmetry properties 

u±{y;a 2 n+i) = u±{-y;-a 2 n+i) ■ (30) 

The horizon surface areas read 

A± = 167rTO^e~^"° ^ . (31) 

(1 — 


The angular velocity of the black hole horizons is defined 
as follows: 


o I 

U± =- \x = ±l 

94“t> 


and we have 




2m(l -I- a^) 

The surface gravity is defined as follows: 

4 = -^(V“xi)(v„x±/3)U=±i, 

where 


(32) 


(33) 


(34) 


X± — l(t) + ^±^( 0 ) ■ 


For the black hole horizons we have 
4 to( 1-I-a=*=^) ^ 


2uq 


(35) 


(36) 


The local values of the mass and angular momentum are 
calculated from (uni) and (EU, respectively, where inte¬ 
gration is preformed over the horizon surface Sh- We 
derive 


M = m 


1 -I- 
1 — 


J = 2m2e"2“o 


q ;(1 + a^) 

(l-a2)2 ■ 


(37) 

(38) 


a; = ±1 
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The area, angular velocity, surface gravity, the local 
mass, and angular momentum satisfy Smarr’s formula, 

M = ±—K±A±+2Vt±J, (39) 

47r 

and the horizon areas satisfy the area relations , 

A- < A-A+ < A+ , A-A+ = Stt J. (40) 


B. Duality transformation 


In the previous works Qi, a duality transformation 
between the horizon and the stretched singularity of a 
Schwarzschild distorted black hole and between the outer 
and inner horizons of a distorted electrically charged 
(Reissner-Nordstrom) black hole was established. An 
analogous duality transformation exists for 5-dimensional 
generalizations of these distorted black holes [13, Id^ . 
Here we shall establish a duality transformation between 
the outer and inner horizons of a distorted stationary 
rotating black hole. As we shall see, the duality transfor¬ 
mation is different from that of the static distorted black 
holes. 

To establish a duality transformation we consider the 
metrics on the horizons of the black hole. Using the met¬ 
ric o we derive the metrics on the horizons. 


da\ = F±[y) 


Q,±2g2«o 


1 + a 
2 


±2 


dt =F - -^dtdcj) 


1 — a 


■A± f 
An \F±(y) 


■ F±{y)d(j)^ 


(41) 


Here 


F±[y) 


[l + a±^)[l-y^) 
_|_ g4u±(y) 


(42) 


Using these expressions we can construct the duality 
transformation which relates the metrics on the horizons: 


u± ^ Uzf , a —>■ a 


(43) 


This transformation corresponds to a “switch” between 
the outer and the inner horizon of a distorted stationary 
rotating black hole. Using the expression (I^Hl) we can 
present the duality transformation in terms of the Weyl 
multipole moments, 

a2n «2n , «2n-|-l ~«2n-|-l , tt —> « ^ . (44) 


Alternatively, one can present this transformation as an 
exchange between the symmetry semi-axes y = —1, y = 
1, while keeping the values of the multipole moments 
unchanged, 

y ^—y, a —>■ . (45) 


Note that this duality transformation is different from 
the duality transformation between the outer and the in¬ 
ner horizon of an electrically charged distorted black hole 


Q, or the duality transformation between the horizon 
and the stretched singularity of a distorted Schwarzschild 
black hole [l|, where it corresponds to reverse of signs 
of even multipole moments. Let us note as well that an 
explicit relation for the metric on the inner horizon in 
terms of that on the outer horizon was derived for the 
Ernst potential in the works by Ansorg and Hennig 
|4^ . without having an explicit solution. It allowed the 
authors to construct the area relations (Uni) for axisym- 
metric and stationary distorted black holes. 

The expressions for the horizon surface areas m , sur¬ 
face gravity ((55|) . angular velocity local mass dSIl), 
and angular momentum (1381) are related through the du¬ 
ality transformation as follows: 

A^ —^ Az^ , ^ 5 ^ —flip , 

M^-M, J^J. (46) 

These relations transform Smarr’s formula (IMl) for the 
outer and inner horizons into each other. 


IV. THERMODYNAMICS OF THE DISTORTED 
BLACK HOLE 

In this Section we present the laws of thermodynam¬ 
ics for a distorted stationary rotating black hole. The 
laws of thermodynamics for a static distorted black hole, 
Schwarzschild and Reissner-Nordstrom ones, were pre¬ 
sented by Geroch and Hartle @ and by Fairhurst and 
Krishnan [4^ . respectively. A black hole thermody¬ 
namic variables, such as energy, entropy, temperature, 
etc. are related to the black hole “mechanical” variables 
(see [13), such as mass, horizon surface area, surface 
gravity, etc., respectively. Such a relation was originally 
conjectured by Bekenstein [s^ and established by Hawk¬ 
ing [m. 


A. The zeroth law 

According to the zeroth law of black hole thermody¬ 
namics, black hole temperature is constant over the black 
hole horizon. The temperature is defined in terms of sur¬ 
face gravity as 


The surface gravity is defined up to an arbitrary con¬ 
stant which depends on the normalization of the timelike 
Killing vector This definition requires a proper nor¬ 
malization of the Killing vector at the spatial infinity. 
As far as only a normalization constant is involved, the 
normalization does not affect the zeroth law. 

One can see from the expression (l36l) . that the zeroth 
law holds for both the horizons of the distorted stationary 
rotating black hole. The temperature T+ is associated 
with the black hole outer horizon, while the temperature 
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T_ is associated with the black hole inner (Cauchy) hori¬ 
zon. One may think that T_ is rather a dubious thermo¬ 
dynamic variable. However, accor ding to the description 
of black holes within string theory |52l | , the outer horizon 
thermodynamics is considered as the sum of the ther¬ 
modynamics corresponding to the left- and right-moving 
string excitations. According to such a duplicate nature 
of the horizon thermodynamics, one can view the inner 
horizon thermodynamics as the difference of the ther¬ 
modynamics corresponding to the right- and left-moving 
excitations of the string [531 - 1^ . In this picture, the ther¬ 
modynamic variables corresponding to the outer horizon 
are mapped to the thermodynamic variables correspond¬ 
ing to the inner horizon, and vice versa. In our case, 
such a map is represented by the duality transformation, 
Eas. (im " H46p . In what follows, we shall adopt this pic¬ 
ture of thermodynamics of the distorted black hole and 
consider thermodynamics of both the horizons. 


B. The first law 

The first law of the black hole thermodynamics de¬ 
fines a relation between two nearby equilibrium states 
of a thermodynamic system which includes a black hole. 
These states are related by a change in the system’s en¬ 
ergy, entropy, and other parameters, e.g., angular mo¬ 
mentum. There are different forms of the first law, which 
are defined according to the system in question. Here we 
shall consider global and local forms of the first law. 


the definition of the black hole entropy, 




4 


(48) 


Taking the differential of (1^ and using the expressions 
for the surface gravity (|55)) . angular velocity (I55)) . local 
mass (EH), and angular momentum psp we derive the 
global form of the first law, 


6M = ±T±dS± + n±SJ + MSuo . (49) 


The term M6uq represents the work done on the black 
hole by the variation of the external potential uq due 
to the distorting matter. If the distortion field changes 
adiabatically, i.e. if SS+ = 0, such that neither matter 
nor gravitational waves cross the black hole outer horizon 
and in addition, the black hole angular momentum 
J does not change, which implies that Sa = 0, so that 
SS- = 0, then the work MSuq results in the change of 
the black hole mass SM, i.e.. 


6M = M6uo . (50) 

Integrating this relation we derive 

M = Moe"'’, (51) 

where Mq is the local mass in the absence of the distor¬ 
tion. The factor can be considered as a redshift factor 
due to the distortion. 


1. The global form of the first law 

The global form of the first law takes into account the 
effects of the external matter on the black hole. The 
solution ([IJ represents a local black hole for it doesn’t in¬ 
clude the external matter, which distorts it. Assuming 
that the solution can be analytically extended to achieve 
asymptotic flatness, one can include sources of the ex¬ 
ternal matter into the solution. An analytic extension is 
achieved by requiring that the distortion fields U and V 
vanish at the asymptotic infinity and by extending the 
space-time manifold Q. Due to energy-momentum ten¬ 
sor of the sources, the extended solution will not satisfy 
the vacuum Einstein equations in the region where the 
external matter is located. As a result of the extension, 
we have a vacuum region containing the local black hole, 
the external to it region containing the sources, and the 
asymptotically flat region outside the sources. The exten¬ 
sion allows to normalize the timelike Killing vector at 
the spatial infinity as = — 1. Then, the Komar mass 
M of the distorted stationary rotating black hole (with¬ 
out the external matter) (1^ equals to its local mass [cf. 
Eg.d^]. 

To derive the global form of the first law one can nse 
the expression for the black hole horizon area m and 


2. The local form of the first law 

The local form of the first law doesn’t take into account 
the effects of the external matter on the black hole. It 
can be dehned by observers who live near the black hole 
and attribute the local gravitational field to the black 
hole alone. These observers consider the black hole as 
an isolated, undistorted object. They assume that there 
is no other matter present and the space-time is asymp¬ 
totically flat. Such observers define the outer horizon 
area A+, the angular velocity D+, surface gravity k+, 
the black hole local mass M and the angular momentum 
J, such that they satisfy Smarr’s formula for the Kerr 
black hole, 

M = —k+A++2n+J . (52) 

47r 

We shall use the sign ' for the quantities defined by the 
local observers. According to the observers measurement 
of the local quantities, one has 

A+=A+, J = J. (53) 

These relations together with (1511) and (1551) give 

a = a , m = rh . 


(54) 
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Smarr’s formula for the black hole inner horizon reads 
[cf. Eg.dH^] 

M = -^k-A- + 2h-J. (55) 

47r 

Then, the expressions (1^ . (l36l) . (l33l) . (l37l) . and (l38)) give 

A- = A- , K± = k±e '^°, f2± = , 

M = Me^\ J=J. (56) 

Accordingly, the local form of the first law of black hole 
thermodynamics reads 

6M = ±f±SS± + n±6J. (57) 

The relations dSSl), 0, and (1551) establish the corre¬ 
spondence between the local and the global forms of the 
first law. A comparison of the relation m and the re¬ 
lation between M and M given in the expression (l56ll 
justifies that the local mass, as it is measured by the ob¬ 
servers, corresponds to undistorted stationary rotating 
black hole. 

C. The second law and the model 


they remain equal to those corresponding to an undis¬ 
torted stationary rotating black hole, 

A+=A'+, J = J'. (60) 

These equalities imply the following relation between the 
parameters: 

a = a , m = m e^° . (61) 

This relation is identical to the relation (1541) . which im¬ 
plies that in the case of adiabatic distortion the local 
observers discussed in the previous subsection detect the 
actual values of the black hole area and angular momen¬ 
tum, regardless that they completely ignore the distor¬ 
tion effects. In what follows, to study stationary rotating 
distorted black holes we shall consider this model and use 
these relations. 


V. GEOMETRY OF DISTORTED HORIZONS 

In this Section we discuss the geometry of the distorted 
horizon 2-dimensional surfaces. We calculate Gaussian 
curvature of the horizon surfaces and present their iso¬ 
metric embeddings into a flat 3-dimensional space. 


The second law of black hole thermodynamics implies 
that if a thermodynamic system consists of a black hole 
alone, its entropy, thus the outer (event) horizon area, 
classically never decreases. 


55+ > 0 


5A+ > 0. 


(58) 


Let us discuss a model of a stationary rotating black hole 
distorted by external, static, and axisymmetric distribu¬ 
tion of masses which generate a gravitational field. This 
distribution is defined by the Weyl multipole moments 
On’s. A change in the matter distribution causes change 
in their values. For example, we can bring the masses 
closer to the black hole or move them further from it. 
Let us now consider an idealistic situation, such that the 
change is infinitesimally slow, so that no gravitational 
wave^ which may enter the black hole, are generated 
(see @). In this case, the distortion is adiabatic, and, 
as a result, the black hole outer horizon area, which is a 
measure of its entropy, remains constant. Assume now 
that at the beginning there is no distortion, i.e., all a„’s 
vanish, and let the corresponding parameters of the so¬ 
lution © be a' and m'. Then, the local quantities such 
as A+ and J' can be expressed in terms of a' and m! as 
follows [cf. (ISTl) and (1551) ]: 


Ai 


= 16m'^ 


(l + a'2) 
(l-a'2)2 ’ 


J' = 2m'2 


a'(l+a'2) 
(1 - a'2) 


(59) 


An adiabatic change (which preserves the axial symme¬ 
try) in the values of a„’s doesn’t change A+ and J [cf. 
(1551) ]. During the adiabatic change of the distortion field 


A. Gaussian curvature 


The 2-dimensional horizon surfaces are defined hy t = 
const, and x = ±1. The metrics on the horizon surfaces 
are the following: 

where F± (y) is given by (l42]) . Gaussian curvature K± is a 
natural measure of intrinsic curvature of a 2-dimensional 
surface. Gaussian curvature for the metrics dnn) reads 

Att 

K± = —-^F±^yy . (63) 


Here and in what follows, (...),y = d{...)/dy. For undis¬ 
torted (Kerr) black hole Gaussian curvature of the hori¬ 
zon surfaces i^ 


StT (1 -I- — 3Q-±2y2^ 

± ^ ^ (l+a±2y2)3 


(64) 


It is negative at the poles (y = ±1) of the outer horizon 
surface for a G (l/-\/3,1) (see, e.g., [5^ and [13), and 
of the inner horizon surface and for the whole the rage 
of a G (0,1). Such surfaces cannot be isometrically em¬ 
bedded into a 3-dimensional Fuclidean space (see, e.g., 

M)- 


^ Note, that according to the expression EJ, one has a' = a. 







FIG. 1. Gaussian curvature of the horizon surfaces. Dashed line 1 is for undistorted horizons, line 2 is for the quadrupole 
distortion of 02 = —2/3, line 3 is for the quadrupole distortion of 02 = 2/3, and line 4 is for the octupole distortion of 03 = —1/3. 
Plots (a) and (b) are for a* = 0.99, a ~ 0.868. Plots (c) and (d) are for a* = VSj2 ~ 0.866, a = l/\/3 ~ 0.577. Plots (e) and 
(f) are for a* = 0.3, a « 0.154. To make the illustration better, we cut out some portions of the line 3 in plot (f) near the 
maximal value K- « 2.02 x 10® at n = 0 and the minimal ones K- « —5.05 x 10^ at u « ±0.04. 












9 


We shall study how the distortion fields change Gaus¬ 
sian curvature of the horizon surfaces on the example of 
quadrupole and an octupole distortions. The functions 
u±{y) corresponding to the quadrupole and octuple dis¬ 
tortion fields read [cf. Ea. (l2^ ] 

M±(y) =- 02(1 - 2 /^), (65) 

and 

u±(2/) = Ta32/(1 - 2/^) ■ (66) 


Here 02 and 03 are the quadrupole and the octupole mo¬ 
ments, respectively. 

Here and in the following section, to study the horizon 
surfaces we consider the specific angular momentum pa¬ 
rameter a* = a/M of an undistorted stationary rotating 
(Kerr) black hole, which, according to the expressions 
m, is related to the parameter a as follows: 


CL^ 

1 + ~ 


(67) 


According to our model discussed in the previous section, 
a and so a* do not change when we turn on adiabatically 
the distortion field. This allows us to observe an effect 
of the distortion on the geometry of the horizon surfaces. 
We shall consider almost extremal value a* = 0.99, which 
is consistent with the measurements based on the astro¬ 
nomical observations giving a* > 0.95 for some black hole 
candidates (see and references therein), the value cor¬ 
responding to zero Gaussian curvature at the poles of the 
embedded surface, o* = v^/S (see [H^) and the smaller 
value, a* = 0.3. 

To illustrate the effect of the distortion we plot the 
Gaussian curvature of distorted and undistorted horizon 
surfaces, (|63|) and del as a function of y for a given 
value of a* and different values of 02 and 03 (see Fig.[T|). 
Note that according to the symmetry properties of the 
function u±{y) [see (l30t ]. the lines of K± for = 1/3 
can be obtained from the lines corresponding to 03 = 
— 1/3 with the aid of the reflection y ^ —y. One can 
see from the plots that for a distorted black hole the 
Gaussian curvature of the outer horizon surface is finite. 
The Gaussian curvature of the inner horizon surface can 
be arbitrarily large but finite for a G ( 0 , 1 ) and it diverges 
for a —> 0 , when the inner horizon shrinks down to a 
static black hole singularity. 


Let us consider the metric of a flat 3-dimensional space 
in the cylindrical coordinates (z,/ 3 , 0 ), 

df' = edz^ + dp^ + p^dcj)^ . (69) 

Here e = — 1 corresponds to a pseudo-Euclidean space 
and e = 1 corresponds to a Euclidean one. We shall 
consider an isometric embedding of the surface into a 
pseudo-Euclidean space, if such a surface cannot be iso- 
metrically embedded into a Euclidean oneO Using the 
expressions (ISSl) and (15^ we have the surface metric in¬ 
duced by the embedding geometry 

dt^ = {ez^y + p‘^y)dy‘^ + p^dcj)^ . (70) 

Let us consider dimensionless metrics of the horizon sur¬ 
faces defined as follows [cf. Ea. (|5^ ]: 

dT.\='^dt‘i, + (71) 

47r F± 

Matching the metrics (uni) and (inD we derive the embed¬ 
ding map 


py 

P± = ^/^, z±= ] Z±dy, Zi = ^{4-Fly). 

. 

According to this map, for |E±^y| > 2 an isometric em¬ 
bedding of the horizons surface into a 3-dimensional Eu¬ 
clidean space (e = 1 ) is not possible, and we have to take 
e = — 1 . 

Because of the space-time axial symmetry, to illustrate 
the embeddings it is enough to consider a line in the 
{z,p)-]Aane given by the embedding map (17^ . Then, 
the embedding is represented by a 2 -dimensional surface 
generated by a revolution of the line about the vertical z- 
axis, which passes through the centre ( 0 , 0 ) of each plot. 
Isometric embeddings of the horizon surfaces are illus¬ 
trated in Fig. [2] Note that according to the symmetry 
properties of the function u±{y) [see (1501) ]. embeddings 
for 03 = 1/3 can be obtained by the reflection of the lines 
corresponding to 03 = —1/3 with respect to the horizon¬ 
tal axis z = 0. One can see that for the undistorted case, 
for the quadrupole distortion of negative quadrupole mo¬ 
ment 02 , and for the octupole distortion the outer hori¬ 
zon surface has bigger relative portion which is embed¬ 
dable into Euclidean space than that of the inner hori¬ 
zon surface. The situation is opposite in the case of the 
quadrupole distortion of positive 02 . 


B. Embedding 

The horizon surface is a 2-dimensional axisymmetric 
surface. It can be visualized by constructing its isometric 
embedding into a flat 3-dimensional space. To construct 
the embedding, we parametrize the surface as follows: 

( 68 ) 


^ As it was already mentioned in the previous subsection, a 2- 
dimensional axisymmetric surface cannot be isometrically em¬ 
bedded into a 3-dimensional Euclidean space if its Gaussian cur¬ 
vature is negative in the vicinity of the symmetry axis (see, e.g., 
0). The reverse is not generally true. A failure to construct 
such an embedding does not necessarily imply that the Gaussian 
curvature is negative. 


p = p{y ), z = z{y). 
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(c) 



(e) 


(b) 




-10 -50 5 10 

(f) 


FIG. 2. Isometric embedding of the horizon surfaces. EH stand for the outer (event) horizon, and CH stand for the inner 
(Cauchy) horizon. Line 1 is for undistorted horizons, line 2 is for the quadrupole distortion of 02 = —2/3, line 3 is for the 
quadrupole distortion of 02 = 2/3, and line 4 is for the octupole distortion of 03 = —1/3. Thick (black colour) portions of 
the lines represent isometric embedding into a Euclidean space and thin ones (red colour) represent isometric embedding into 
a pseudo-Euclidean space. Plots (a) and (b) are for a* = 0.99, a « 0.868. Plots (c) and (d) are for a* = V3f2 ~ 0.866, 
a = l/%/3 « 0.577. Plots (e) and (f) are for a* = 0.3, a « 0.154. The black dots located at z = 0 represent small portions of 
the horizon surfaces embedded into Euclidean space. Due to the limited resolution, the lines there look broken, however, by 
the construction, all the lines are smooth. Plot (f) has almost merging lines 1 and 4. However, an isometric embedding into a 
Euclidean space near the equatorial plane z = 0 exists only for undistorted inner horizon (line 1). 
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(a) (b) 


FIG. 3. The maximal proper time of a free fall from the outer to the inner horizon along the symmetry semi-axes. Plot (a) 
illustrates the maximal proper time for the quadrupole distortion, which is the same for both the semi-axes, y = ±1. Plot (b) 
illustrates the maximal proper time along the semi-axis y = -\-l for the octupole distortion. The maximal proper time along 
the semi-axis y = —1 for the octupole distortion can be inferred from the plot (b) by the reflection as —>■ —as. Line 1 is for 
a* = 0.99, a Ri 0.868, line 2 is for a* = %/3/2 « 0.866, a = l/%/3 « 0.577, and line 3 is for a* = 0.3, a Ri 0.154. 


VI. FREE FALL FROM THE OUTER TO THE 
INNER HORIZON 

Let us now consider how the distortion changes the 
black hole interior region between its horizons. We shall 
be interested whether the horizons can come closer to 
each other or move away due to the distortion. To do it, 
we shall calculate the maximal proper time of a test par¬ 
ticle dropped from the outer horizon surface and freely 
falling to the inner horizon along the symmetry semi¬ 
axes y = ±1. This maximal proper time corresponds to 
a timelike geodesics of zero energy and azimuthal angular 
momentum, which are defined as follows: 

E = , (73) 

where is 4-velocity of the particle. This implies that 
the coordinates (t, y, (p) remain constant along the par¬ 
ticle’s geodesic, and the coordinate x changes from 1 to 
— 1 during the fall. Substituting y = ±1 into the metric 
functions we derive the following useful relations: 

/± =ae±2“±(-), h± = -aV/±, (74) 

U± = u±{x)+uq, V± = 0, (75) 

where u± (x) is given by (El, where y should be replaced 
with X. The upper sign stands for the upper semi-axis 
y = - 1 - 1 , what corresponds to the fall from the black hole’s 
“north pole” and the lower sign stands for the lower semi¬ 
axis y = — 1 , what corresponds to the fall from the black 


hole’s “south pole”. Using the metric © we derive the 
expression for the proper time in the units of the outer 
horizon surface radius i?+ = \JA+/[At:), 


T± = 


r± = 


7±dx 


2(l + a2)i/2 J_^ (l-a:2)i/2 ’ 

(1 + X + a2[l - x])2e-2“±(") + 4a2e2“±(")' 


(76) 

1/2 


Let us remind the reader that according to our model, 
the distortion field changes adiabatically, so the horizon 
surface area A +, and so R +, remain constant and equal 
to those of undistorted (Kerr) black hole. We illustrate 
in Fig. [3] how the proper time depends on the distortion 
field, in particular on the quadrupole 02 and the octupole 
03 moments, for different values of the specific angular 
momentum parameter a*. The behaviour of the maximal 
proper time is generic. Namely, for a given a, € (0,1) 
there is a characteristic minimum r±i„in corresponding 
to a 2 min and asmin which indicates the closes approach of 
the horizons due to the distortion field. One can calculate 
numerically how the minimal proper time Tmin depends 
on the corresponding “minimal” values of the octupole 
a 2 min and the quadrupole asmin moments and find the 
corresponding values of the specific angular momentum 
parameter a*. The results are presented in Fig. 21 We 
see that both and a* are monotonically increasing 
with the increase of 02 min and asmin- As a summary, one 
can say that the minimal value of the maximal proper 
time is largely controlled by the specific angular momen- 
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(a) 



FIG. 4. The minimal value of the maximal proper time, 
generated on each of the plots. 



(b) 



(d) 


are 100 points corresponding to the increment 0.01 of a. 


turn parameter a* and a distortion field can bring the 
horizons close to each other but they do not merge. This 
situation is different for a free fall from the outer horizon 
to the singularity of a static (Schwarzschild) black hole 
distorted by a quadrupole field, when Tmin can be arbi¬ 
trarily small for an arbitrary large negative quadrupole 
moment [l|. But the situation is qualitatively the same 
for an octupole distortion of a static black hole where is 
a minimal finite value of r. 


VII. THE SPACE-TIME CURVATURE 
INVARIANTS AND SINGULARITIES 


In this section we discuss some general properties of 
the space-time O- We establish a discrete symmetry 
of the space-time from which the duality transformation 
between the black hole horizons directly follows. Such a 
symmetry is an inherent property of the metric and lies in 
its very construction. This discrete symmetry allows to 
relate the space-time curvature invariants calculated on 
the black hole horizons. We also analyze the space-time 
curvature singularities and discuss their location. 
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A. The space-time discrete symmetry and 
curvature invariants 

A closer look at the duality transformation between the 
black hole horizons (HSI) suggests that it may originate 
from some general property of the space-time. Indeed, 
the metric o reveals that it has a discrete symmetry, 

X ^—X , y ^—y , a —>■ . (77) 


behind the inner horizon and, if any, outside of the outer 
horizon, i.e., there are no space-time singularities located 
in between the horizons. The second equation implies 
that 0 < |?/| < 1 , what means that there are no space- 
time singularities on the symmetry axis. Let us now for¬ 
mulate a sufficient condition that there are no singulari¬ 
ties located outside the outer horizon, i.e., in the region 
a; > 1. Using positivity of the exponential function and 
the first equation we derive the sufficient condition 


On the horizon surfaces, this symmetry reduces to the 
duality transformation (1451) . The symmetry implies that 
a space-time curvature invariant I{x, y, a, m, an) has the 
following symmetry property: 

I{x,y,a,m,an) = /(-a;,-y, m, a„). (78) 

Let us define the values of the invariant on the black hole 
horizons as follows: 


UiU>i>0. (83) 

Let us note that the sufficient condition a 2 n-i = 0, 
o- 2 n < 0 , n = 1 , 2 ,... for the absence of the singularities 
in the region outside the outer horizon proposed in Si 
is not valid. To illustrate this, let us consider a hexade- 
capole distortion field defined by the multipole moments 
( 00 , 01 , 02,03 = — 01 , 04 ). For this field the function Vi 
takes the from 


I±(y, a, m, an) = I{x = ±1, y, a, m, an) ■ (79) 

Then, the symmetry property (I78p implies that on the 
horizons we have the following duality relation: 

J±(?/,a, m, o„) = /if:(-y,a"\m, o„). (80) 

This duality relation implies that if the metric is regular 
on the outer horizon for all y G [— 1 , 1 ] and a replaced 
with then it is regular on the inner (Cauchy) hori¬ 
zon, and vice versa. 

The location of the space-time curvature singularities 
is defined by B = 0 (see [l,Sl)- Indeed, the Kretschmann 
and the Chern-Pontryagin invariants, as well as the met¬ 
ric determinant diverge bX B = 0. According to the 
expression for the metric function B{x,y) [see ([3])], we 
have B ^ 0 at the outer horizon for whole the range of 
y G [—1,1] and a G (0,1), as well as for a replaced with 
0 :“^, and vice versa. Thus, the space-time is regular at 
the distorted black hole horizons. 


B. Singularities 

Let us now to find the location of the space-time singu¬ 
larities. To begin with let us present the metric functions 
/ and h [see Bps.© and (O] in the following convenient 
form: 


/ = ae^ , h = —ae ‘^, fh = —, (81) 


where p and q are functions of x and y, and Vi is the linear 
in a„’s part of V [see Eq.dS])]. Then, the equation for the 
space-time singularities B = 0 [see Eq.(l3])] is equivalent 
to the following set of equations: 


1 -I- a^e eP — e'^ 

1 — ^ gp _|_ g? 


(82) 


Eor a G (0,1) the first equation implies that |a:| > 1, 
what means that the space-time singularities are located 


Vi = {o 4 a;(a;^[l - 5y^] - 3[1 - y^j) 

- asylSx'^ - 1] - 202x1(1 - y ^). (84) 

Let us now take 03 = 0 and consider the second equation 
in the system (l82l) . Using the properties of the Legendre 
polynomials m and the expressions and (|n]) one can 
see that y = 0 is a solution of the second equation in 
the system (15^ . Note that y = 0 is a solution for any 
type of distortion defined by even multipole moments. 
Substituting this solution into the first equation in the 
system (15^ we derive 


_ 2a2 1 /a^[x — 1] \ 

— 3 2x(x^ — 3) V [x -I- 1] / 


(85) 


Taking, for example, x = 2, a= l/-\/3, 02 = —1, we find 
04 = —2 — ln(3)/2. Thus, for these negative values of 
02 , 04 there is a singularity located at the intersection 
of the lines x = 2 and y = 0 in the (x, y) plane. This 
is a counterexample to the sufficient condition proposed 
in Si- However, as it was illustrated in [1,0, for a 
pure quadrupole distortion defined by 02 < 0 there are 
no singularities located outside of the outer horizon. This 
can be confirmed by the sufficient condition (j83p for Ui 
given in (1841) with 03 = 04 = 0. 

The example of the hexadecapole distortion illustrates 
that it is rather impossible to satisfy the sufficient con¬ 
dition for a general type of distortion. Thus, in general, 
there are space-time curvature singularities outside the 
black hole outer horizon. They are represented by a dis¬ 
crete set of points in the (x, y) plane, which are solutions 
to the system (|82p . These points represent rings in the 
space-time around the black hole. The singular points 
lie on the curves defined by the equation A = 0. In¬ 
deed, using the expression (I 2 |) one can see that solutions 
of the system (l82l) are as well solutions of the equation 
A = 0. Note that equation A = 0 dehnes stationary limit 
surfaces. These surfaces are represented by lines in the 
(x, y) plane. On the other side, the distortion field is 
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static. Thus, one may assume that the singularities out¬ 
side the outer horizon originate from the static nature of 
the distortion field which is “incompatible” with a sta¬ 
tionary limit surface, where nothing can be hold at rest. 
However, such singularities are absent for a quadrupole 
distortion field of 02 < 0, for which the sufficient con¬ 
dition (I83|) is satisfied. Thus, the situation is not trivial 
and an additional analysis of the origin of these singular¬ 
ities, which is beyond of scope of this paper, is necessary. 
Using these results, one can say that the local stationary 
rotating distorted black hole solution should be defined in 
the region near the outer horizon which does not include 
these singularities. 


VIII. CONCLUSION 

The main goal of this work was to study how a static 
and axisymmetric distortion field affects a stationary ro¬ 
tating black hole horizons and interior region. It was 
found that there is a duality transformation [see Eas. (l44l) 
and (1451) ] between the inner and outer horizons of the 
black hole. This duality transformation differs from the 
duality transformation between the inner and outer hori¬ 
zons of a distorted, static, and electrically charged black 
hole 0 and from the duality transformation between the 
horizon and stretched singularity of a distorted, static, 
vacuum black hole [l|. It turns out that the duality 
transformation is directly related to the discrete symme¬ 
try [see Eq. dlTD] of the space-time. This symmetry im¬ 
plies a relation between space-time curvature invariants 
calculated on the black hole horizons. We constructed 
Smarr’s formulas and formulated the laws of thermody¬ 
namics for both the horizons. The constructed Smarr’s 
formulas and the laws of thermodynamics are related by 
the duality transformation as well. 

To analyze the effect of distortion field on a stationary 
rotating black hole we restricted ourselves to two types 
of the distortion, a quadrupole and an octupole ones, 
defined by a quadrupole and octupole moments, respec¬ 
tively. It was found that such distortion fields strongly af¬ 
fect the Gaussian curvature of the horizon surfaces, which 
takes both positive and negative values. The curvature 
is finite on both the horizons. The maximal absolute val¬ 
ues of the Gaussian curvature of the inner horizon sur¬ 
face are greater than those of the outer horizon surface. 
The curvature can become arbitrarily large but finite for 
an arbitrarily small but non-vanishing specific angular 
momentum parameter. This is quite expected, because 
for very small values of the parameter, the inner hori¬ 
zon comes closer to the black hole singularity. To illus¬ 
trate the effect of the distortion on the black hole hori¬ 
zons geometry we constructed isometric embeddings of 
the horizon surfaces into a flat 3-dimensional space. The 
embeddings show that the inner horizon has larger por¬ 
tions which cannot be isometrically embedded into a 3- 
dimensional Euclidean space than the outer one. The re¬ 
gions not isometrically embeddable into a 3-dimensional 


Euclidean space grow with the increase of the specific 
angular momentum parameter and, generally, with the 
increase of the distortion field. An analysis of the maxi¬ 
mal proper time of a free fall from the outer to the inner 
horizon along the symmetry semi-axes showed that the 
distortion field noticeably affects the black hole interior. 
There is some minimal non-zero value of the quadrupole 
and octupole moments when the time becomes minimal. 
It indicates the closest approach of the horizons due to 
the distortion. The minimal value of the maximal proper 
time monotonically increases with an increase of the spe¬ 
cific angular momentum parameter for both types of the 
distortion. Finally, we analyzed the space-time curva¬ 
ture singularities and formulated the sufficient condition 
for their absence outside the black hole outer horizon. 
We found that the region between the black hole hori¬ 
zons is regular, while the region behind the inner horizon 
and outside the outer one generally has curvature singu¬ 
larities. These singularities represent rings around the 
symmetry axis. The singularities behind the inner hori¬ 
zon are natural, while the singularities outside the outer 
horizon are generally unavoidable. They appear on a sta¬ 
tionary limit surface. This result suggests that the local 
stationary rotating distorted black hole solution should be 
considered up to the region containing these singularities. 

The duality transformation and the discrete symme¬ 
try of the space-time seem to be an inherent property 
of the Weyl-type solution. The corresponding Einstein 
equations are equivalent to two complex Ernst equations 
which can be considered as an integrability condition for 
an associated linear problem (see, e.g., [^|^). The lin¬ 
ear problem can be formulated by means of a Lax pair 
construction for four- and higher-dimensional models of 
gravity (see, e.g., [gO, [Mj). A Lax pair is directly re¬ 
lated to a generation of an infinite number of soliton- 
type solutions, starting from a known one. This lead to 
a complete integrability of the dynamical system (see, 
e.g., [^,[63). Thus, one may expect that a certain du¬ 
ality transformation may exist between horizons of some 
solutions of these models, which possess a certain group 
of isometries. Recently, Abdolrahimi, Kunz, and Ned- 
kova constructed a new exact solution within the Weyl 
formalism which represent a 5-dimensional Myers-Perry 
black hole with a single angular momentum in an ex¬ 
ternal gravitational field [b^. It is a higher-dimensional 
generalization of the 4-dimensional distorted stationary 
rotating black hole studied in this work. The solution has 
many interesting features related to its inherent symme¬ 
tries. Some of them were already explored in (^ . More¬ 
over, as it was recently showed by V. P. Frolov and A. 
V. Frolov @ , the Weyl-type solutions admit a construc¬ 
tion of the so-called hybrid black holes obtained by gluing 
the external Kerr space-time to the internal static Weyl 
metric, which represents distorted axisymmetric, static, 
vacuum black hole. The multipole moments of the dis¬ 
tortion field are defined by the Kerr black hole’s mass 
and angular momentum. It would be interesting as well 
to investigate a relation between the black hole horizons 
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as isolated horizons, the future outer trapping horizons, 
and marginally trapped surfaces, as it was done for a dis¬ 
torted static (Schwarzschild) black hole by Pilkington, 
Melanson, Fitzgerald, and Booth in Apparently, 

the rich structure of the Weyl-type solutions is far to be 
completely explored. 
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